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Abstract
A method is used to obtain the general solution of the Fredholm–Volterra integral equation of the -rst kind (FVIEFK)
in the space L2(0; a)×C(0; T ); 06 x6 a¡∞; 06 t6 T ¡∞. The kernel of the Fredholm integral term is considered
in a generalized discontinuous form which belongs to C([0; a] × [0; a]), while the kernel of Volterra integral term is
a positive continuous function in the class C(0; T ). Many interesting cases of integrals of orthogonal polynomials and
spectral relationships are obtained and established from this work. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The singular integral equations have received considerable interest in the mathematical litera-
ture, because of their many -elds of application in di;erent areas of sciences, for example see
[10,26,2,21,22,6]. The solution of these equations can be obtained analytically by using some di;er-
ent methods as Cauchy method [24], the potential theory method [15], the orthogonal polynomials
method [25], the Fourier transformation method [17] and Krein’s method [4,23]. More recently,
numerical solutions of these equations is a much studied subject of numerous works, since analytical
methods on practical problems often fail, e.g. Galerkin method [27], Fast method [13], Block by
block method [16], Nystrom method [11] and a method derived from Toeplitz matrices [5]. The
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interested reader should consult the -ne expositions by Atkinson [9], Delves and Mohamed [11] and
Linz [21].
The Fredholm–Volterra integral equation
	
(x; t) +
∫ 1
−1
K
[
− x

]

(; t) d+
∫ 1
0
F()
(x; ) d= f(x; t);
(|x|6 1; 	 is a constant; 06 t6T ¡∞; 0¡¡∞);
K(y) = 12
∫ ∞
−∞
L(u)eiuydu;
[
y =
− x

]
;
L(u)¿ 0; |u|¡∞; L(u) = A+ O(u2); u→ 0 (A a constant);
L(u) = B |u|−1[1 + O(|u|−1)]; |u| → ∞ (B a constant)
(1.1)
under the conditions∫ 1
−1

(; t) d= P(t);
∫ 1
−1

(; t) d=M (t) (1.2)
is considered in [6] and it’s solution in L2(−1; 1)×C(0; T ); |x|¡ 1; 06 t6T ¡∞ is obtained in
a series form. The two functions P(t) and M (t) in Eq. (1.2) are given and represent the pressure
and momentum variable with time, respectively.
Also, the integral equation (1.1) with the conditions (1.2), when the kernel of Fredholm integral
term in the logarithmic form is considered in [7] and its solution is constructed in a series form
as well. In [19] Kauthen used a collection method to obtain, numerically, the solution of Volterra–
Fredholm integral equation with continuous kernel. A projection method based on the Fourier theory
is used in [18] to obtain an approximate solution for a linear VFIESK with continuous kernel.
In this paper, our goal is to construct a series form solution in the space L2(0; a)× C(0; T ) for a
linear FVIEFK∫ a
0
K;;	; (x; )
(; t) d+
∫ t
0
F()
(x; ) d= [(t) + (t)x − f(x)]
(06 x6 a¡∞; 06 t6T ¡∞; = G(1− )−1); (1.3)
with a kernel
K;	;(x; y) =
x
y+−1
W	;(x; y); (1.4)
where
W	;(x; y) =
∫ t
0
tJ	(tx)J(ty) dt;
(Re (1 + + 	 + )¿ 0; 06 ¡ 1; Jn(x) is a Bessel function)
under the conditions∫ a
0

(; t) d= P(t);
∫ a
0

(; t) d=M (t) (06 t6T ¡∞): (1.5)
The problem is investigated from the contact problem of a rigid surface (G; ) having an elastic
material occupying the domain [0; a] where f(x) ∈ L2(0; a) describes the surface of the stamp. This
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stamp is impressed into an elastic layer surface (plane) by a variable known force with respect to
time P(t) whose eccentricity of application is e and a variable known moment M (t); 06 t6T ,
that case rigid displacements (t) and (t), respectively. Here G is the displacement magnitude,
 is Poission’s coeJcient and F(t)∈C(0; T ) is a positive continuous function. The discontinuous
kernel of (1.4) takes many important cases which will be discussed in Section 3. Also, the unknown
continuous function 
(x; t) ∈ L2(0; a)× C(0; T ) is called the potential function between the contact
domain of the stamp and the plane.
Here, for certain formulas of the given functions (t); (t); P(t) and M (t) and in the absence of
body forces neglecting the frictional forces in the contact domain, the solution of Eqs. (1.3)–(1.5)
in a series form is obtained in the space L2(0; a) × C(0; T ). Also, many spectral relationships for
the semi-in-nite plate are established here.
In order to guarantee the existence of a unique solution of Eq. (1.3) under the conditions (1.5)
in the space L2(0; a)× C(0; T ), we assume the following conditions.
(i) F(t) is a positive continuous function, belongs to the class C(0; T ); 06 t6T ¡∞.
(ii) The discontinuous kernel (1.4) satis-es{∫ a
0
∫ a
0
(K;	;(x; y))
2 dx dy
}1=2
= C (C a constant):
(iii) The unknown function 
(x; y) is continuous in the space L2(0; a) × C(0; T ), and satis-es the
Lipschitz condition with respect to the second argument.
2. Solution of the integral equation
To construct the general solution of Eq. (1.3) with the conditions (1.5) in the space L2(0; a) ×
C(0; T ) for given functions (t); (t); P(t) and M (t), we use the following method. Firstly, we let
t = 0 in Eqs. (1.3)–(1.5) to obtain∫ a
0
K;	;(x; )
(; 0) d= [(0) + (0)x − f(x)] (x ∈ [0; a]); (2.1)
and ∫ a
0

(; 0) d= P(0) = P;
∫ a
0

(; 0) d=M (0) =M; (2.2)
where P and M are constants.
Rewrite (2.1) in the form
B& =
∫ a
0
K;;	; (x; )&() d= g(x);
(&(x) = 
(x; 0); g(x) = (0) + (0)x − f(x); x ∈ [0; a]):
(2.3)
Eq. (2.3) represents a FIEFK with a generalized kernel function given by (1.4), which will be
discussed completely in Section 3.
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Secondly, our main goal is to obtain the solution of (1.3) in an approximate series form

(x; y) = 
0(x; t) + 
1(x; t); (2.4)
where 
0(x; t) is the -rst approximate solution of the integral equation (2.1), while 
1(x; t) is the
second approximate solution of the same equation. Using (2.4) in (1.3), we have∫ a
0
K;;	; (x; )
j(; t) d+
∫ t
0
F()
j(x; ) d= )j[(t) + (t)x − f(x)]
(j = 0; 1; x ∈ [0; a]; 06 t6T ¡∞): (2.5)
where
)j =
{
1; j = 0;
0; j = 1:
(2.6)
Also, using (2.4) in (2.1), we obtain∫ a
0
K;;	; (x; )
j(; 0) d= )j[(0) + (0)x − f(x)]: (2.7)
Finally, from (2.5) and (2.6), one has∫ a
0
[
j(; t)− 
j(; 0)]K;;	; (; x) d+
∫ t
0
F()
j(x; ) d
=)j[(t)− (0) + (t)x − (0)x]
(j = 0; 1; x ∈ [0; a]; 06 t6T ¡∞): (2.8)
Theorem 1 (see Abdou [15] and Aleksandrov and Kovalenko [6]). For a symmetric and positive
kernel of Eq. (1:4) the integral operator of Eq. (2:3); through the time interval 06 t6T ¡∞;
is compact and self-adjoint operator. So we may write *nB& = &n; where *n and &n are the
eigenvalues and the eigenfunctions of the integral operator; respectively.
In view of Theorem 1, we can expand the solution of Eq. (2.5) in a Fourier series form in
L2(0; a)× C(0; T ) as a system of eigenvalues and eigenfunctions

j(x; t) =
∞∑
k=1
[a( j)2k (t)
2k(x) + a
( j)
2k−1(t)
2k−1(x)]; (2.9)
*k
∫ a
0
K;;	; (x; y)
(y; t) dy = 
k(t) (k¿ 0); (2.10)
where 
2k(x); 
2k−1(x) are the even and odd function, respectively and *k are the eigenvalues.
Using the formulas (2.9) and (2.10) in Eq. (2.7), we have the following integral equations:
a(1)k (t) + *k
∫ t
0
a(1)k ()F() d= a
(1)
k (0) (k¿ 1); (2.11)
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a(0)2k (t) + *2k
∫ t
0
a(0)2k ()F() d= *2kb2k[(t)− (0)]; (2.12)
*(0)2k−1(t) + *2k−1
∫ t
0
a(0)2k−1F() d= *2k−1b2k−1[(t)− (0)]; (2.13)
where
∞∑
k=1
b2k
2k = 1;
∞∑
k=1
b2k−1
2k−1 = x (k¿ 1; 06 t6T ¡∞; a(0)k = 0): (2.14)
Eqs. (2.11)–(2.13) represent Volterra integral equations of the second kind that have the same
continuous kernel F(t) ∈ C(0; T ), and each of them has a unique solution in the class C(0; T ). The
value of a(1)k (0) can be obtained, directly from (2.1) and (2.4) in the form a
(1)
k (0) = *k(0).
In view of (2.11)–(2.14), the general solution of Eq. (1.3) can be adapted in the form

(x; t) =
∞∑
k=1
[a(0)k (t) + a
(1)
k (t)]
k(x); (2.15)
where a(0)k (t) and a
(1)
k (t) must satisfy the inequality
n∑
k=1
[a(0)k (t) + a
(1)
k (t)]
2¡ (n→∞; 1; 06 t6T ¡∞); (2.16)
Theorem 2 (Aleksandrov and Kovalenko [7]). If; for t ∈ [0; T ]; the inequality (2:16) holds; the se-
ries (2:15) is uniformly convergent in L2(0; a). Moreover; Eq. (1:3) has a unique solution in
L2(0; a) × C(0; T ). Hence; the solution of FVIE can be obtained in a series form of Eq. (2:15)
under the condition (2:16).
Taking into account Theorems 1 and 2 the solution of the integral equation (1.3) for the given
values of (t); (t) and F(t), can be determined depending on its formulas. For this, let us assume
(t) and (t) take the following forms:
(t) = 0(t) + 1(t); (t) = 0(t) + 1(t): (2.17)
Using (2.17) in (2.8), one has∫ a
0
[
j(; t)− 
j(; 0)]K;;	; (x; ) d+
∫ t
0

j(x; )F() d
=[j(t)− j(0) + j(t)x − j(0)x] (j = 0; 1; x ∈ [0; a]; 06 t6T ¡∞): (2.18)
Let j = 0 in Eq. (2.18) and the values of 0(t); 0(t) satisfy the following:
0(t)− 0(0)
0(t)− 0(0)
}
=
∫ t
0
F() d: (2.19)
Then Eq. (2.18) has the following approximate solution 
0(x; t)=
0(x) independent of t in the form

0(x) = (C + Dx) (C;D are constants): (2.20)
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In order to obtain the second approximate solution of Eq. (2.18), when j = 1, in view of
Eq. (2.9), we let ak(0) = 1, and assume
1(t) =
∞∑
k=1
2ka2k(t); 1(t) =
∞∑
k=1
2k−1a2k−1(t); (2.21)
where 2k ; 2k−1 are constants. Here, we represent 1(t) and 1(t) as an even and odd polynomial
series, respectively.
Using (2.9), (2.10) and (2.21) in (2.18), when j = 1, we obtain
*n
∫ a
0
K;;	; 
n() d= gn(x) (n¿ 1); (2.22)
where
gn(x) =
{
1; n= 2m;
x; n= 2m− 1:
Also, we can represent the pressure P(t) and the moment M (t) in the approximate series form as
P(t) = P0 + 
∞∑
k=1
Pk2k*2ka2k(t) (P0 = C);
M (t) =M0 + 
∞∑
k=1
Mk2k−1*2k−1a2k−1(t) (M0 = D);
(2.23)
where
Pk =
∫ a
0

2k(x) dx = 0;
Mk =
∫ a
0
x
2k(x) dx = 0 (k¿ 1):
(2.24)
In particular, if we assume F(t) = |coswt|; (t) + (t)x = 0, i.e., there is no displacement with
respect to time, we have the general solution of (1.3) in the form

(x; t) = 0
∞∑
k=1
b2k2k
2k(x) exp
[
−2k
∫ 1
0
|cos!| d
]
: (2.25)
3. Fredholm integral equation of the rst kind
This section is dedicated to solving the Fredholm integral equation (2.1) under the condition (2.2)
and obtaining several spectral relations which has a great large in the mathematical physics problems.
Suppose that the linear integral operator E transforms,
xmf(x) (m= 0; 1; 2; : : :)
where f(x) is an integrable function, into an nth degree polynomial multiplied by f(x), namely
E[xmf(x)] = f(x)
m∑
k=0
a(m)k x
k (m= 0; 1; 2; : : :); (3.1)
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where
a(m)m = a(k)k = 0 (m; k = 0; 1; 2; : : :):
For this, we construct a family of polynomials
Pm(x) =
m∑
j=0
C(m)j x
j; C(m)m = 1 (m= 0; 1; 2; : : :)
such that
E[Pm(x)f(x)] = 	mf(x)Pm(x); 	m = amm (m= 0; 1; 2; : : :): (3.2)
Consider the integral operator
K;;	; [
(x)] =
∫ a
0
K;;	; (x; y)
(y) dy = f(x); (3.3)
where K;;	; is given by (1.4).
To obtain the general solution of Eq. (3.3) with the kernel (1.4), -rstly we express the kernel
(1.4) in the form
K;	;(x; y) =
k(x=y)
y+
; k(u) = u
∫ ∞
0
tJ	(tu)J(t) dt; (3.4)
and set x = ae− and y = ae−2, we obtain
K	[
(x)] =
[
e
a
]+ ∫ ∞
0
‘(− 2)ae−2
(ae−2) d2= f(ae−);
‘(t) = k(e−t)e−(+)t :
(3.5)
Secondly, we write Eq. (3.5) in the form of the Wiener–Hopf type as∫ ∞
0
‘(− 2)X (2) d2= g(); (3.6)
where
X () = 
(ae−)ae−; f(ae−)a+e−(+) = g():
In order to obtain the solution of Eq. (3.6), -rstly, let us write the solution of the integral equation∫ ∞
0
‘(− 2)X(2) d2= ei (; Im ¿ 0); (3.7)
in the following form (see [25])

(x) =
1
x
X ln
[a
x
]
=
&−(−)x++
5( 12 [1 + 	 − + ])
{
a−−b√
(a2 − x2)1−	+−
+
	 + b+ i
a−i
∫ a
x
t−1−	−b−i√
(t2 − x2)1−	+− dt
}
(06 x6 a; b= + + ); (3.8)
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where
&(−) = 21−5(1 + 12[	 − b− i]5−1( 12 [1 + − − − i]):
Secondly, the solution of Eq. (3.6), for any value of g(), can be obtained, directly, by applying
the principal of Krein’s method [4,23]. In this aim, Eq. (3.3) can be written in the form∫ a
0
W	;(x; y)
1(y) dy = f1(x) (06 x6 a); (3.9)
where

1(x) = x1−−
(x); f1(x) = x−f(x):
It can be shown that the function 
(x)x1−− is a solution of Eq. (3.9) when f1(x) = a−bx−2b and
the solution of the integral equation (see [12])∫ a
0
W	;(x; y)q

	(y; a) dy = 1; (3.10)
is, therefore, given the formula
q	(y; a) =
Ay1+
5( 12 [1 + 	 − + ])
{
a−−2b√
(a2 − x2)1−	+−
+[	 + 2b]
∫ a
x
t−1−	−2b√
(t2 − y2)1−	+− dt
}
(06y6 a; b= + + ); (3.11)
where
A= 21−5(1 + 12(	 − 2b))5−1( 12 [1 + − 2b+ ]):
Applying Krein’s method [4,23], one can obtain the general solution of Eq. (3.3) in the general
form

(x) =
21−xb
5( 12 [1 + 	 − + ])5( 12 [1− 	 + + ])
{
&(a)√
(a2 − x2)1−	+−
−
∫ a
0
&′(u) du√
(u2 − x2)1−	+− dt
}
; (3.12)
where
&(a) = a−	−−
d
da
∫ a
0
1+	−f() d√
(a2 − 2)1+	−− :
The formal procedure to obtain formula (3.12) can be justi-ed, if one assumes that 06
¡ 1; |	− |¡ 1+ , and if one requires that the function x1+	−f(x) be continuous in 06 x6 1.
Many spectral relationships can be obtained and derived using (1.4), (3.3) and (3.12). For example,
replacing f() in (3.12) by a Jacobi polynomial form, then using the result in (3.3),
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we obtain the following spectral relationship:∫ 1
0
y1+W 	;(x; y)P
(;−7+)
m (1− 2y2) dy
(1− y2)7+ = mx
	P(	;−7−)m (1− 2x2);
m = 2−15(1− 7+ + m)5(7 + m)[m!5(1 + 	 + m)]−1
(06 x6 1; 27± = 1− ± (− 	); 27 = 1 + + 	 + ;
Re7±¡ 1; Re(1 + + + 	)¿ 0; Re ¡ 1); (3.13)
where P(*;−)m (1− 2x2) is a Jacobi polynomial.
Making use of its known representation in terms of Gauss hypergeometric function, formula 8 of
[14, p. 715] we -nd the following important property:
W	;(u
−1; v−1) = (uv)1+W;	(u; v): (3.14)
Using in (3.13) the substitution x= u−1 and y= v−1 and making use of property (3.14), we obtain
spectral relations of the semi-in-nite interval∫ ∞
1
W	;(u; v)P
(−;−7+)
m (1− 2v−2) dv
v1+z(v2 − 1)7+ =
mP
(	;−7−)
m (1− 2u2)
u1++	
;
(2z = 1− + 	 + ) (16 u¡∞); (3.15)
where m is given by (3.13).
Certain contact problems in the theory of elasticity have the form of a generalized function of
Eq. (3.12), for example
(1) The case =	=∓ 12 (for symmetric and skew-symmetric), = 12 , and taking into account the
following formulas:

√
xyW∓ 12
(x; y) = 5() cos12[|x − y|− ± (x + y)−]
(formula 3:762 of [14; p: 435]);
(3.16)
√
5(m+ 12)P
(−1=2;−w)
m (1− 2t2) = (−1)m5( 12)5(m+ 12)C=22m (t)
(see formula 8:962 (1) and 8:932 of [14]; w = 1−2 ); (3.17)
where 5(x) is a gamma function, C*m(t) is a Gegenbaner polynomial and P
(*;−)
n is a Jacobi poly-
nomial, we have the following spectral relations:∫ 1
0
[
1
|x − y| ±
1
|x + y|
]
C=2± (y) dy
(1− y2)w =
5(+ n±)C
=2
± (x)
cos 125()(n±)!
(3.18)
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(06 x6 1; C*+=C
*
2m; C
*−=C*2m+1; n+=2m; n=2m+1; w=(1− )=2; m=0; 1; 2; : : :). As a direct
consequence of (3.18) we -nd (see [12,23])∫ 1
−1
C=2m (y) dy
|x − y|(1− y2)w =
5(m+ )C=2m (x)
cos 125()m!
(|x|6 1): (3.19)
Arutiunian [8] has shown that the plane contact problem of the nonlinear theory of plasticity, in its
-rst approximation reduces to a Fredholm integral equation of the -rst kind with Carleman kernel.
Also, one can obtain the following spectral relations for the semi in-nite interval:∫ ∞
1

+(t; ) dt
|x ± t|(t2 − 1)w = :±()
+(x; ) (x¿ 1; ¿ 0);∫ ∞
1

−(t; ) dt
|x ± t|(t2 − 1)w = :±()
−(x; ) (x¿ 1; ¿ 0);
(3.20)
where
:+() = |5(=2 + i)|2|5()|−1 (i= + 12);
:−() = cosh()|5(=2 + i)|2
[
5() cos
[
2
]]−1
;

±(x; ) = (x2 − 1)wP±w (x);
and P±w (x) is a Legendre polynomial.
To establish Eqs. (3.19) and (3.20) the following relation may be used (see [14, p. 398]):
5() cos
[
2
] [ 1
|x − t| −
1
|x − t|
]
[(x2 − 1)(t2 − 1)]−w
=
∫ ∞
0
 sinh()
[
cosh () + cos
[
2
]] ∣∣∣5 ( 
2
+ i
)∣∣∣4 Pw (x)Pw (t) d;
(
w =
1− 
2
)
: (3.21)
(2) The case when 	 = =∓ 12 ; = 0; = 12 , we have the logarithmic kernel K(x; y) =−ln |x −
y|. Certain contact problems in the theory of elasticity for the ordinary half-space are reduced to
Fredholm integral equation of the -rst kind with logarithmic kernel (see [4,23]).
To establish the spectral relations of the logarithmic function from Eq. (3.19), we use the following
relation (see [25]):
lim
→05
[ 
2
]
C=2m (x) =
2
m
Tm(x) (Tm(x) is a Chebyshev polynomial) (3.22)
and the relation (see [14, p. 1044])
ln
1
|x − y| = lim→0
[
1
|x − y| − 1
]
: (3.23)
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Hence, we have
1

∫ 1
−1
ln
1
|x − y|
Tm(y) dy√
1− y2 =
{
T0(y) ln 2 (m= 0);
Tm(y)
m
(m¿ 1):
(3.24)
(3) The case when 	 = ; = 12 , we have the Weber–Sonien integral formula (see [3,1])
W	(x; y) =
√
xy
∫ ∞
0
tJ	(tx)J	(ty) dy; (3.25)
and the spectral relations (3.13) becomes∫ 1
0
W	(x; y)y
1+	
(1− y2)w P
(	;−w)
m (1− 2y2) dy = x	mP(	;−w)m (1− 2x2);
m =
2−2w52[(1 + 	)=2 + m]
m!5(1 + m+ 	)
(m= 0; 1; 2; : : :):
(3.26)
Formula (3.26) represents a solution of a three-dimensional contact problem of frictionless impres-
sions of a rigid stamp on a surface of an elastic half-space of the form ;={(x; y) ∈ ;;
√
x2 + y2¡a;
z = 0}, the deformation of which obeys a power law (see [1]).
The solution of the contact problem in three dimensional with potential kernel (see [3]), can be
established, from (3.26), when = 0, in the form∫ 1
0
W 0	 (x; y)P
(	;−1=2)
m (1− 2y2) dy√
1− y2 = x
	∗mP
(	;−1=2)
m (1− 2x2);
∗m =
52[ 12 + m]
2m!5(1 + m+ 	)
:
(3.27)
Also, the spectral relations of the semi-in-nite interval are∫ ∞
1
W	(u; v)P
(	;−w)
m (1− 2v−2) dv
vw+	(v2 − 1)w =
mP
(	;−w)
m (1− 2u−2)
u1++	
(16 u¡∞) (3.28)
and ∫ ∞
1
W	(u; v)P
(	;−1=2)
m (1− 2v−2) dv
v1=2+	
√
v2 − 1 =
∗mP
(	;−1=2)
m (1− 2u−2)
u1+	
; (3.29)
where m; ∗m are given by (3.26) and (3.27), respectively.
(4) The case when = 	 = = 0; = 12 , we have relation
W0(x; y) =
∫ ∞
0
J0(tx)J0(ty) dt =
1
2(x + y)
K
[
2
√
xy
x + y
]
; (3.30)
which is called the complete elliptic integral. The importance of the integral equation with complete
elliptic kernel came from the work of Kovalenko [20], who developed the Fredholm integral equation
of the -rst kind for the mechanics mixed problems of continuous media and obtained an approximate
solution for the Fredholm integral equation of the -rst kind with complete elliptic kernel.
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Using the famous relation [14]
P
(0;− 12 )
m (1− 2x2) = P2m(
√
1− x2) (Pm(z) is a Legendre polynomial); (3.31)
the spectral relations of (3.13) becomes
∫ 1
0
K
[
2
√
t
t+
]
P2m(
√
1− 2) d
√
1− 2 =
[
2
]2 [(2m− 1)!!
(2m)!!
]2
P2m(
√
1− t2): (3.32)
Also, the spectral relations of the semi-in-nite interval take the form∫ ∞
1
K
[
2
√
uv
u+ v
]
P2m(
√
1− −2) d
(u+ )3=2(
√
2 − 1) =
[

2
(2m− 1)!!
(2m)!!
]2
P2m(
√
1− u−2) (16 u¡∞):
(3.33)
Now, we can deduce that the spectral relations of the type (3.28), (3.29) and (3.33) allow to
reduce, in the described manner, to in-nite systems the integral equations of the -rst kind given on
a semi-in-nite interval, whose kernels do not depend on the di;erence of the arguments but have
the same singularity.
4. Conclusion
From the above results and discussions, the following may be concluded:
(1) The contact problem of a rigid surface (G; ), stamp having an elastic material, and impressed
into an elastic layer surface by known force and moment variable with time, reduces to Fredholm–
Volterra integral equation of the -rst kind.
(2) The solution of the Fredholm–Volterra integral equation of the -rst kind is obtained in a
series form, where the convergence of the series is considered with the uniqueness of the solution.
The solution by series, in this case, is considered as one of the best methods to solve the problem
by obtaining two systems, one of Volterra integral equation, and the other of Fredholm integral
equation.
(3) The Fredholm–Volterra integral equation of the -rst kind when the kernel of the Fredholm
integral term, takes one of the following: Logarithmic kernel, Carleman kernel, complete elliptic
kernel, potential kernel, and a generalized potential kernel, is considered as special cases of this
work.
(4) Krein’s method is the best method to solve the singular integral equations, where the singularity
disappeared and the integral equation can be solved directly without singularity. So, we can say that,
Krein’s method has a large -eld in the applications of mathematical physics and the applied sciences.
(5) The contact problem of the zero harmonic kernel is included as a special case, when =	==0
in Eq. (1.4). Also, the contact problem of higher order can be, also, obtained for di;erent values of
, 	 and .
(6) Many spectral relations, which have large applications in physics are obtained.
(7) This paper can be considered as a generalization of the work of contact problems in continuous
media which is discussed in this domain (see [20–23,25,3,4,12,1,6]).
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